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Calculus Early Transcendentals
Third Edition

Chapter 4
Applications of 
the Derivative
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Section 4.1 Maxima and Minima
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Figure 4.6
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Definition Absolute Maximum and 
Minimum
Let f be defined on a set D containing c. If ( ) ( )f c f x³ for every x in D,

( )f cthen is an absolute maximum value of f on D. If ( ) ( )f c f x£

for every x in D, then ( )f c is an absolute minimum value of f on D.

An absolute extreme value is either an absolute maximum or an 
absolute minimum value.
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Theorem 4.1 Extreme Value Theorem
A function that is continuous on a closed interval 
[a, b] has an absolute maximum value and an 
absolute minimum value on that interval.
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Figure 4.2 (a & b)
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Figure 4.2 (c & d)
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Figure 4.3 (a & b)
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Figure 4.4 (a & b)
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Figure 4.5
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Definition Local Maximum and 
Minimum Values
Suppose c is an interior point of some interval I on which f is defined. If

( ) ( )f c f x³ for all x in I, then ( )f c is a local maximum value of f. If

( ) ( )f c f x£ for all x in I, then ( )f c is a local minimum value of f.
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Figure 4.7
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Theorem 4.2 Local Extreme Value 
Theorem
If f has a local maximum or minimum value at c and ( )f ' c

exists, then ( ) 0f ' c =
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Definition Critical Point
An interior point c of the domain of f at which ( ) 0 ( )f ' c f ' c= or

fails to exist is called a critical point of f.
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Figure 4.8 (a & b)
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Figure 4.9 (a)
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Figure 4.9 (b)
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Figure 4.10
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Procedure Locating Absolute Extreme 
Values on a Closed Interval
Assume the function f is continuous on the closed interval [a, b].

1. Locate the critical points c in (a, b), where ( ) 0 ( )f ' c f ' c= or
does not exist. These points are candidates for absolute maxima and 
minima.

2. Evaluate f at the critical points and at the endpoints of [a, b].

3. Choose the largest and smallest values of f from Step 2 for the 
absolute maximum and minimum values, respectively.
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Figure 4.11
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Figure 4.12
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Section 4.2 Mean Value Theorem
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Figure 4.13
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Figure 4.15
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Figure 4.16
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Figure 4.17
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Figure 4.19
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Theorem 4.5 Zero Derivative Implies 
Constant Function

If f is differentiable and '( ) 0f x = at all points of an open

interval I, then f is a constant function on I.
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Theorem 4.6 Functions with Equal 
Derivatives Differ by a Constant
If two functions have the property that '( ) '( ),f x g x=

for all x of an open interval I, then ( ) ( )f x g x C- = on I, where

C is a constant; that is, f and g differ by a constant.
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Section 4.3 What Derivatives Tell Us
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Figure 4.20 (a & b)
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Theorem 4.7 Test for Intervals of 
Increase and Decrease
Suppose f is continuous on an interval I and differentiable at all interior

points of I. If ( ) > 0f ' x at all interior points of I, then f is increasing

on I. If ( ) < 0f ' x at all interior points of I, then f is decreasing on I.
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Figure 4.22
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Figure 4.23
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Figure 4.24
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Figure 4.25
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Figure 4.27
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Theorem 4.8 First Derivative Test
Assume f is continuous on an interval that contains a critical point c, and assume f
is differentiable on an interval containing c, except perhaps at c itself.

• If f ' changes sign from positive to negative as x increases through c, then

f has a local maximum at c.

• If f ' changes sign from negative to positive as x increases through c, then

f has a local minimum at c.

• If f ' is positive on both sides near c or negative on both sides near c, then

f has no local extreme value at c.
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Figure 4.28
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Figure 4.29
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Figure 4.30

iPad

iPad

iPad



Slide - 51Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Figure 4.31
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Figure 4.34
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Figure 4.35 (a & b)
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Figure 4.35 (c & d)
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Figure 4.37
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Figure 4.38
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Theorem 4.11 Second Derivative Test 
for Local Extrema
Suppose f '' is continuous on an open interval containing c with

( ) 0.f ' c =

• If ( ) 0,f '' c > then f has a local minimum at c (Figure 4.40a).

• If ( ) 0,f '' c < then f has a local maximum at c (Figure 4.40b).

• If ( ) 0,f '' c = then the test is inconclusive; f may have a local

maximum, a local minimum, or neither at c.
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Figure 4.41
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Figure 4.43
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Section 4.4 Graphing Functions
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Graphing Guidelines for y = f of x (1 of 2)

1. Identify the domain or interval of interest. On what interval(s) should the 
function be graphed? It may be the domain of the function or some subset of 
the domain.

2. Exploit symmetry. Take advantage of symmetry. For example, is the function
( ( ) ( )), ( ( ) ( )),f x f x f x f x- = - = -even odd or neither?

3. Find the first and second derivatives. They are needed to determine 
extreme values, concavity, inflection points, and intervals of increase and 
decrease. Computing derivatives-particularly second derivatives-may not be 
practical, so some functions may need to be graphed without complete 
derivative information.

4. Find critical points and possible inflection points. Determine points at which

( ) 0f ' x f '= or is undefined. Determine points at which ( ) 0f '' x f ''= or

is undefined

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



Slide - 75Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Graphing Guidelines for y = f of x (2 of 2)

5. Find intervals on which the function is increasing/decreasing and concave up/down. The first 
derivative determines the intervals of increase and decrease. The second derivative determines the 
intervals on which the function is concave up or concave down.

6. Identify extreme values and inflection points. Use either the First or Second Derivative Test to 
classify the critical points. Both x- and y-coordinates of maxima, minima, and inflection points are 
needed for graphing.

7. Locate all asymptotes and determine end behavior. Vertical asymptotes often occur at zeros of 
denominators. Horizontal asymptotes require examining limits as

;x® ±¥ these limits determine end behavior. Slant asymptotes occur with rational functions in

which the degree of the numerator is one more than the degree of the denominator.

8. Find the intercepts. The y-intercept of the graph is found by setting x = 0. The x-intercepts are found by 
solving f(x) = 0; they are the real zeros (or roots) of f.

9. Choose an appropriate graphing window and plot a graph. Use the results of the previous steps to 
graph the function. If you use graphing software, check for consistency with your analytical work. Is 
your graph complete-that is, does it show all the essential details of the function?
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Figure 4.45
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Figure 4.46
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Figure 4.47
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Figure 4.49
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Figure 4.50
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Table 4.1
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Figure 4.51
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Figure 4.52
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Figure 4.53
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Figure 4.54
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Table 4.2
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Figure 4.55
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Figure 4.56
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Section 4.5 Optimization Problems
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Table 4.3
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Figure 4.57
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Figure 4.58
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Figure 4.59
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Figure 4.60
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Figure 4.61
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Guidelines for Optimization Problems
1. Read the problem carefully, identify the variables, and organize the given 
information with a picture.

2. Identify the objective function (the function to be optimized). Write it in terms of 
the variables of the problem.

3. Identify the constraint(s). Write them in terms of the variables of the problem.

4. Use the constraint(s) to eliminate all but one independent variable of the 
objective function.

5. With the objective function expressed in terms of a single variable, find the 
interval of interest for that variable.

6. Use methods of calculus to find the absolute maximum or minimum value of the 
objective function on the interval of interest. If necessary, check the endpoints.
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Figure 4.62

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



Slide - 99Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Figure 4.63
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Figure 4.64
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Figure 4.65 (a)
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Figure 4.65 (b)
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Figure 4.66
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Section 4.6 Linear Approximation and 
Differentials
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Figure 4.67 (a & b)
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Figure 4.68
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Figure 4.69
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Table 4.4
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Figure 4.70
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Figure 4.71 (a)
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Figure 4.71 (b)
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Figure 4.72 (a)
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Figure 4.73
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Figure 4.74
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Section 4.7 L’Hôpital’s Rule
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Theorem 4.12 L’Höpital’s Rule
Suppose f and g are differentiable on an open interval I
containing a with '( ) 0g x ¹ on I when x ≠ a.

lim ( ) lim ( ) 0,
x a x a

f x g x
® ®

= =If then

( ) '( )lim lim ,
( ) '( ),x a x a

f x f x
g x g x® ®

=

provided the limit on the right exists  ( .) ± ¥or is
The rule also applies if x → a is replaced with

, . , x a xx a+ -®® ¥ ®± or
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Theorem 4.13 L’Höpital’s Rule 
(Infinity over Infinity)
Suppose f and g are differentiable on an open interval I

containing a, with '( ) 0g x ¹ on I when x ≠ a. If lim ( )
x a

f x
®

= ±¥

lim ( ) ,
x a
g x

®
= ±¥and then

( ) '( )lim lim ,
( ) '( )x a x a

f x f x
g x g x® ®

=

provided the limit on the right exists  ( .) ± ¥or is

The rule also applies for , .,x x a x a+ -®® ¥ ®± or
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Figure 4.76
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Procedure Indeterminate Forms 1 to the Power 
Infinity, 0 to the Power 0, and Infinity to the Power 0

Assume ( )lim ( )g x
x a

f x
®

has the indeterminate form 0 01 ,0 , .¥ ¥or

1. Analyze lim ( ) ln ( ).
x a

L g x f x
®

= This limit can be

put in the form 0 / 0 ¥ ¥or / ,

both of which are handled by l’Hôpital’s Rule.

2. When L is finite, ( )lim ( ) .g x L

x a
f x e

®
= ,L = ¥ -¥if or then

( ) ( )lim ( ) lim ( ) 0,g x g x

x a x a
f x f x

® ®
=¥ =or respectively.
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Figure 4.77
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Figure 4.78
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Definition Growth Rates of Functions 
as x Approaches Infinity
Suppose f and g are functions with lim ( ) lim ( ) .

x x
f x g x

®¥ ®¥
= = ¥

Then f grows faster than g   x®¥as if

( ) ( )lim 0  lim .
( ) ( )x x

g x f x
f x g x®¥ ®¥

= = ¥or, equivalently, if 

The functions f and g have comparable growth rates if

( )lim ,
( )x

f x M
g x®¥

=

( ) 0  .M< < ¥where  is nonzero and finiteM
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Figure 4.79
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Figure 4.80
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Theorem 4.14 Ranking Growth Rates as 
x Approaches Infinity
Let f g<< mean that g grows faster than f as

.x®¥ With positive real numbers p, q, r, and

s and with b > 1,
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Section 4.9 Antiderivatives

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



Slide - 151Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Definition Antiderivative
A function F is an antiderivative of f on an interval I.

provided '( ) ( ),F x f x= for all x in I.
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Figure 4.90
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Theorem 4.17 Constant Multiple and 
Sum Rules
Constant Multiple Rule: ( ) ( ) ,c f x dx c f x dx=ò ò for real numbers c

Sum Rule: ( ( ) ( )) ( ) ( )f x g x dx f x dx g x dx+ = +ò ò ò
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Table 4.9
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Table 4.10
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Figure 4.91
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Figure 4.92
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Figure 4.94
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Figure 4.95
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Figure 4.96
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